We study some implications of the presence of two inert scalar doublets which are charged under a dark Abelian gauge symmetry. Specifically, we investigate the effects of the new scalars on oblique electroweak parameters and on the interactions of the 125 GeV Higgs boson, especially its decay modes h → γγ, γZ and trilinear coupling, all of which will be probed with improved precision in future Higgs measurements. Moreover, we explore how the inert scalars may give rise to strongly first-order electroweak phase transition and also show its correlation with sizable modifications to the Higgs trilinear coupling.
Introduction
The recent discovery [1, 2] at the Large Hadron Collider (LHC) of a Higgs boson with mass around 125 GeV and other properties consistent with the expectations of the standard model (SM) serves as yet another confirmation that it is a remarkably successful theory. Nevertheless, it is widely believed that new physics beyond it is still necessary at least to account for the compelling experimental evidence for neutrino mass and the astronomical indications of dark matter [3] .
Among a great many possibilities beyond the SM are those with enlarged scalar sectors. Scenarios incorporating a second Higgs doublet are of course highly popular in the literature [4, 5] . Of late models with three scalar doublets have also been gaining interest [6] [7] [8] [9] , as they can provide dark-matter candidates [8] and/or an important ingredient for the mechanism that generates neutrino mass [9] .
In this paper we consider this three-doublet possibility, in particular that which involves two inert scalar doublets, besides the standard Higgs doublet, plus a dark Abelian gauge symmetry. The extra scalar particles are inert in that they possess no direct couplings to a pair of exclusively SM fermions. However, being members of doublets, these scalars have interactions with SM gauge bosons at tree level. The new gauge group is dark in the sense that SM particles are not charged under it and that the associated gauge boson is taken to have vanishing kinetic-mixing with the hypercharge gauge boson.
We assume that the scalar sector is part of a more complete theory, such as has recently been explored in the context of a scotogenic scenario [9] , where neutrinos acquire mass radiatively via their one-loop interactions with both new fermions and the inert scalars. Here we focus on these scalars, none of which is supposed to be a darkmatter candidate, and explore some implications of their presence. Specifically, we study constraints on the inert scalars from collider measurements on the Higgs boson and from electroweak precision data. In addition, we look at the potential impact of the scalars on the Higgs trilinear coupling, anticipating future experiments that will probe it sufficiently well. To evaluate the coupling, we will employ the Higgs effective potential derived at the one-loop level. Moreover, we examine how the new particles, which we choose to have sub-TeV masses, may give rise to strongly first-order electroweak phase transition (EWPT), which is needed for electroweak baryogenesis to explain the baryon asymmetry of the Universe. As it has been pointed out in the context of other models that the strength of EWPT could be correlated with sizable modifications to the Higgs trilinear coupling [10] [11] [12] , our results will indicate how this may be realized in the presence of the new doublets.
The plan of the paper is as follows. In the next section, we describe the scalar Lagrangian and address some theoretical constraints on its parameters, especially from the requirements on vacuum stability. Since the extra scalar doublets couple to the standard Higgs and gauge bosons and include electrically-charged members, they contribute at the one-loop level to the Higgs decays h → γγ and h → γZ which have been under intense investigation at the LHC, the former channel having also been observed. We determine their rates in section 3, where we also start our numerical analysis by exploring the charged scalars' impact on these processes. In section 4, we calculate the contributions of the new doublets to the oblique electroweak observables S and T , on which experimental information is available. Sections 5 and 6 contain our treatment of the new scalars' effects on the trilinear Higgs couplings and on the electroweak phase transition, respectively. After deriving the relevant formulas, we perform further numerical work in these sections. In section 7, we discuss additional results and make our conclusions after combining different relevant constraints. A few appendices contain more discussions and formulas.
Scalar Sector

Lagrangian
Compared to the SM with the Higgs doublet Φ, the scalar sector is expanded with the addition of two doublets, η 1 and η 2 . The theory also possesses a dark Abelian gauge symmetry, U(1) D , under which η 1,2 carry charges +1 and −1, respectively, whereas SM particles are not charged. Accordingly, one can express the renormalizable Lagrangian for the interactions of the scalars with each other and with the standard SU(2) L × U(1) Y gauge bosons, W 1,2,3 and B, as well as the
where the covariant derivative
Theoretical Constraints
The parameters of the scalar potential are subject to a number of theoretical constraints. The stability of the vacuum implies that V must be bounded from below. As shown in appendix A, with λ 5 being negligible, this entails that for a = 1, 2
where λ 0 x ≡ Min(0, λ x ). The µ 2 and λ parameters in V also need to have such values that its minimum with the VEV of Φ (η a ) being nonzero (zero) is global. This is already guaranteed [7] by the positivity of the mass eigenvalues in eqs. (2.4) and (2.6).
In addition, the perturbativity of the theory implies that the magnitudes of the λ parameters need to be capped. Thus, in numerical work our choices for their ranges, to be specified later on, will meet the general requirement |λ x | < 8π, in analogy to that in the two-Higgs-doublet case [13] .
Restrictions from Collider Data
The kinetic portion of the Lagrangian in eq. (2.1) contains the interactions of the new scalars with the photon and weak bosons,
where summation over a = 1, 2 is implicit,
, with θ w being the usual Weinberg angle, c 2θ = cos(2θ), and s 2θ = sin(2θ). One can alternatively write eq. (3.1) in terms of the real and imaginary components S a and P a of χ a , which becomes more lengthy and are relegated to appendix B.
We now see that data from past colliders can lead to some constraints on the masses of the new scalars. Based on eq. (3.1), we may infer from the experimental widths of the W and Z bosons and the absence so far of evidence for nonstandard particles in their decay modes that for a, b = 1, 2
The null results of direct searches for new particles at e + e − colliders also imply lower limits on these masses, especially those of the charged scalars. A recent investigation [14] concerning the effects of the corresponding particles in the simplest scotogenic model [15] on the relevant processes measured at LEP II suggests that such charged scalars may face significant constraints if their masses are below 100 GeV. For these reasons, in our numerical work we will generally consider the mass regions m χa ≥ 50 GeV and m Ha ≥ 100 GeV.
In addition to the requirements in the preceding paragraph and the vacuum stability conditions in eq. (2.9), when selecting the inert scalars' parameters we take into account also the Higgs mass which will be estimated at the one-loop level in section 5.5 and then limited to m h = (125.1 ± 0.1) GeV, well within the ranges of the newest measurements [16, 17] . More specifically, we will therefore make the parameter choices
The recently discovered Higgs boson may offer a window into physics beyond the SM. The presence of new particles can give rise to modifications to the standard decay modes of the Higgs and/or cause it to undergo exotic decays [18] . As data from the LHC will continue to accumulate with improving precision, they may uncover clues of new physics in the Higgs couplings or, otherwise, yield growing constraints on various models. Here we address some of the potential implications for our scenario of interest. Especially, the existing experimental information on the possible Higgs decay into invisible/nonstandard final states [19] [20] [21] [22] [23] and on the observed h → γγ mode [17, 24] can supply further restrictions on the inert scalars.
The Higgs boson couples to a pair of them according to
from the V part of eq. (2.1). In view of the mass choices made above, it follows that the decay modes h → χ * a χ b , if kinematically allowed, contribute at tree level to the total width of the Higgs boson and are the leading channels into nonstandard final states in the model. Their rates have the form
where
The combined branching ratio of these decays is to m h = 125.1 GeV. If these channels are open, we will require B h → χ * a χ b < 0.19, based on the latest analysis of Higgs data [19] [20] [21] [22] [23] .
The potential impact of the inert scalars can also be realized through loop diagrams. Of much interest are their contributions to the standard decay channels h → γγ and h → γZ, which are already under investigation at the LHC. In the SM, they arise mainly from top-quark-and W -boson-loop diagrams. These modes receive additional contributions arising from the H ± 1,2 -loop diagrams drawn in figure 1, with vertices from eqs. (3.1) and (3.5).
2 Their decay rates are readily obtainable from those in the case of only one inert doublet [26] . Thus we get We can already test the new contributions to h → γγ, which has been observed at the LHC, unlike the γZ channel. For the γγ signal strengths, the ATLAS and CMS Collaborations measured σ/σ SM = 1.17 ± 0.27 [24] and 1.13 ± 0.24 [17], respectively. These numbers need to be respected by the ratio of Γ(h → γγ) to its SM value, Its γZ counterpart, 12) will be probed by future experiments.
To illustrate the effects of the inert scalars on R γγ and R γZ , and possible (anti)correlation between them, we display in figure 2 the distribution of 5000 benchmark points on the (R γZ , R γγ ) plane which satisfy the vacuum stability requirements in eq. (2.9), the constraints from W and Z decays in eq. (3.3), and the parameter limitations in eq. (3.4). We notice that many of the R γγ values are close to 1 and within the allowed ranges from ATLAS and CMS. The plot also reveals that for the R γγ points compatible with the LHC data the values of Γ(h → γZ) do not differ from its SM value by more than 10% or so. Furthermore, there is a positive correlation between R γγ and R γZ , which is much like the situation in the case of only one inert doublet [26, 28, 29] . This can be checked experimentally when the γZ mode is observed in the future.
Electroweak Precision Tests
The interactions of the new doublets with the SM gauge bosons described by eq. (3.1) bring about modifications, ∆S and ∆T , to the so-called oblique electroweak parameters S and T which encode the effects of new physics not directly coupled to SM Figure 3 . Feynman diagrams for the contributions of the inert scalar doublets to the oblique electroweak parameters ∆S and ∆T .
fermions [30] . At the one-loop level [3, 30] α∆S 
. In our numerical analysis below, we will impose
which are based on the results of a recent fit [31] to electroweak precision data for a Higgs mass m h = 125 GeV. The contributions of the inert scalars to ∆S and ∆T arise from the diagrams depicted in figure 3 . After evaluating them, we arrive at
3)
3 Their counterparts in the case of only one inert scalar doublet were computed in Ref. [32] . In figure 4 , we present the distribution on the (∆S, ∆T ) plane of the inert scalars' contributions for the 5000 benchmarks employed previously for figure 2. Evidently, it is possible for the masses of the charged scalars to be as small as 100 GeV and still be compatible with the electroweak precision measurements. However, we find that the lighter one of the inert neutral scalars, χ 1 , must be heavier than about 90 GeV, which is a stronger condition than that inferred from the LEP constraint on the invisible width of the Z boson. This also makes the bound from the data on the Higgs invisible/nonstandard decay irrelevant.
Higgs Trilinear Coupling
Since the new scalars couple directly to the Higgs boson, their presence can cause its trilinear coupling, λ hhh , to shift from its SM prediction. Such a modification could translate into detectable collider signatures, especially at a future e + e − machine such as the International Linear Collider [33] where the coupling can be measured with 20% precision or better at a center-of-mass energy √ s = 500 GeV if the integrated luminosity is 500 fb −1 . To derive the formula for the mass-dimension Higgs trilinear coupling in the presence of extra heavy particles, we follow the steps taken in ref. [34] . It is just the third derivative of the Higgs effective potential, namely
where ϕ is the classical Higgs field and V T =0
eff (ϕ) is the potential evaluated at temperature T = 0. We estimate the potential at the one-loop level in the so-called DR ′ scheme [35, 36] where it has the form
In the sum above, the index i runs over all the contributing particles, n i stands for the number of internal degrees of freedom of the ith particle, with a minus sign added if it is a fermion, m 2 i (ϕ) is its field-dependent squared mass, and Λ is the renormalization scale which we choose to be the Higgs mass, Λ = 125.1 GeV. More explicitly, n h = 1, n G = n Z = n γ = 3, n W = 6, n t = −12, and n χa = n Ha = 2, where G refers to the Goldstone bosons. We have collected the formulas for the various relevant m 2 i (ϕ) in appendix C. At tree level we have µ
, but it receives the one-loop correction 
hhh , has the same formula, except that in the sum i runs over SM fields only.
According to eq. (5.5) and appendix C, the Higgs trilinear coupling is a function of the couplings λ 3a + λ 4a and λ 3a of the inert neutral and charged scalars, respectively, to the SM Higgs doublet, i.e. through the field-dependent masses and their derivatives. Since λ 3a,4a are related to the scalars' physical masses via eqs. (2.4) and (2.6), the Higgs trilinear coupling also depends on them. To illustrate how the inert scalars' couplings and masses affect λ hhh , we define the relative change 6) with respect to the SM prediction. Then in figure 5 we graph ∆ versus |λ 3a + λ 4a | and |λ 3a |, respectively, for the 5000 benchmark points employed earlier. On the same plots we also show the mass distributions of the inert neutral and charged scalars, respectively. It is clear that in the presence of the inert doublets the trilinear Higgs coupling can be enhanced or reduced by up to roughly 150% relative to the SM contribution to it. One realizes that, for either large or small (charged and/or neutral) scalar masses and couplings to the SM Higgs doublet, this enhancement or reduction of the trilinear coupling is the effect of the superposition of different contributions which could be constructive or destructive.
The new scalars impact can be further seen in figure 6 , which illustrates their loop effects. Specifically, it displays the relative changes of the trilinear Higgs coupling, the Higgs mass, and the parameter µ . We remark that the Higgs quartic coupling, which at tree level is defined by the Higgs mass, can have a wide range from about 10 −4 to 0.5. This is due to the fact that much of the Higgs mass arises radiatively, as the right plot in figure  6 indicates. More precisely, m h can be fully radiative for small λ 1 values or get a negative radiative correction for large λ 1 values, those greater than its tree-level one, λ 1 . One can see from the top-left and bottom plots in the figure that similar remarks could be made concerning λ hhh and µ 2 1 . In particular, each of these parameters may be fully radiative for small λ 1 and also can receive radiative corrections which are negative.
Electroweak Phase Transition
It is well-known that one of the reasons why the SM fails to produce successful baryogenesis [37] is the fact that the EWPT is not strong and consequently cannot suppress processes that violate the conservation of baryon plus lepton numbers, B+L, in the broken phase [38] . The suppression of anomalous B+L-violating processes in the broken phase happens if the criterion for strongly first-order EWPT [39, 40] ,
is fulfilled, where v c is the Higgs VEV at the critical temperature T c at which the effective potential exhibits two degenerate minima, one at zero and the other at v c . Both T c and v c are determined using the full thermal effective potential [41, 42] 
at a finite temperature T , where
the upper (lower) sign referring to a boson (fermion). To V eff (ϕ, T ) one should add the so-called daisy (or ring) contribution [43] V ring (ϕ,
which represents the leading term of higher-order loop corrections that may play an important role during the EWPT dynamics. In V ring (ϕ, T ) the sum is over the scalar and longitudinal gauge degrees of freedom,m
are their thermal masses, and Π i (T ) are the thermal parts of the self energies, which are collected in appendix C. To estimate V ring (ϕ, T ), one performs the resummation of an infinite class of infrared-divergent multiloops diagrams, known as ring diagrams, that describes the dominant contribution of long distances and gives a significant contribution when (almost) massless states appear in the system. In our case, we will include this by following another approach. Rather than adding V ring (ϕ, T ) to V eff (ϕ, T ), we will replace in eq. (6.2) the field-dependent masses of the scalar and longitudinal gauge degrees of freedom with their thermal massesm 2 i (ϕ, T ). In the criterion for a strong first-order phase transition, eq. (6.1), the critical temperature T c is the value at which the two minima of the effective potential are degenerate,
In the SM, this leads to a Higgs mass below 42 GeV [44] , since the ratio v c /T c is inversely proportional to the Higgs quartic coupling λ 1 . The strength of the EWPT can be improved if new bosonic degrees of freedom are invoked [45] [46] [47] [48] , which is the case we are investigating. It is clear from eq. (5.4) that for large values of the couplings and/or masses of the extra scalars, the one-loop corrections to the Higgs mass could be significant, which allows the Higgs quartic coupling to be smaller and, therefore, fulfills the criterion in eq. (6.1) without conflicting with the recent Higgs mass measurements [16, 17] . Here, the relevant couplings are those of the Higgs doublet to the charged scalars, λ 3a , and to the neutral ones, λ 3a + λ 4a , in the limit |λ 5 | ≪ |λ 3a,4a |. The situation may be compared to those in similar setups [49] [50] [51] [52] where extra scalars can help bring about a strongly first-order EWPT by (a) relaxing the Higgs quartic coupling λ 1 to as small as O(10 −4 ) and (b) enhancing the value of the effective potential at the wrong vacuum at the critical temperature without suppressing the ratio v c /T c , which relaxes the severe bound on the mass of the SM Higgs.
The integral in eq. (6.3) is often approximated by a high temperature expansion. However, in order to take into account the effect of all the (heavy and light) degrees of freedom, we will evaluate them numerically.
With the same 5000 benchmark points used previously, in figure 7 we present v c /T c as a function of T c and of the Higgs quartic coupling. It is obvious that strong first-order EWPT criterion is easily realized for the considered benchmarks, which all yield v c /T c larger than 2. Moreover, we find that the daisy contribution to the effective potential, that weakens the SM EWPT, does not play any role in the EWPT strength, but only barely delays the transition. One notices also that the EWPT strength is guaranteed here whatever the Higgs quartic coupling λ 1 is in the range shown, even for values larger than the tree-level one,λ 1 . This leads us to conclude that the EWPT is always strongly first-order due the reason (b) mentioned above, where the extra heavy scalars' existence makes the Higgs VEV slowly varying with respect to temperature and the wrong vacuum value, i.e. V eff (ϕ = 0, T ), is evolving and increases with temperature.
We remark that due to the absence of a CP -violating phase in the potential V an additional source of CP violation has to be included in the Lagrangian of the more complete theory for it to be realistic for baryogensis. One possibility is to introduce dimension-six operators which couple the inert scalars to the top-quark mass and are suppressed by a new-physics scale that can be well above one TeV, in analogy to a scenario of electroweak baryogenesis from a singlet scalar [53] .
Discussion & Conclusion
According to the analysis carried out in previous sections, the extra scalars can have important effects on the Higgs phenomenology and the electroweak phase transition if these particles are relatively light and the couplings to the SM Higgs doublet are large (λ 3a for charged scalars and λ 3a + λ 4a for neutral ones). Therefore, from the 5000 benchmark points used previously, we extract those that simultaneously satisfy (i) the constraint from the measurements on the Higgs decay mode h → γγ, namely 0.9 < R γγ < 1.37, (ii) the electroweak precision tests, i.e. all the points inside the three ellipsoids in figure 4 , and (iii) the criterion v c /T c > 1 for strongly firstorder EWPT. As mentioned in section 4, the Higgs decay channel into a pair of inert scalars is closed for all the viable benchmarks and hence its experimental bound is not relevant. Here, we divide the points fulfilling the conditions (i,ii,iii) into three sets according to the ellipsoid to which they belong on the (∆S, ∆T ) plane. The results are displayed in figure 8 .
From the top panels in figure 8 , one can see that the extra scalar masses do not exceed 900 GeV according to our parameter choices in eq. (3.4). The charged scalars could be light up to the LEP II bound (100 GeV), while the neutral scalars, which were supposed to be less constrained before, are now not allowed to be less than 120 GeV due to the electroweak precision tests in this model. From the bottom left panel, it is evident that the couplings of the Higgs doublet to the charged scalars, λ 3a , and to the neutral ones, λ 3a + λ 4a , could be both larger than 1 or smaller than 0.5. They could vary also within the whole considered range [0:3], or they could be almost equal in absolute values (i.e. close to the dashed curve). The bottom right plot in this figure reveal that, while strongly first-order EWPT occurs for all of the viable benchmark points, only for some of them is there a positive correlation between the EWPT strength and substantial enhancement of the Higgs trilinear coupling relative to the SM prediction as shown in ref. [10] .
In conclusion, we have considered a scenario beyond the SM involving three scalar doublets and investigated a number of implications of the case where two of the doublets are inert and charged under a dark Abelian gauge symmetry. We looked at the effects of the new scalars on oblique electroweak parameters, the Higgs decay modes h → γγ, γZ, and its trilinear coupling. We also examined how the inert scalars can induce strongly first-order EWPT. Taking into account various theoretical and experimental constraints, we demonstrated that the viable parameter space can all accommodate strongly first-order EWPT and contains regions in which the Higgs trilinear coupling is enhanced/reduced by up to 150% compared to its SM value. Future experiments with sufficient precision can test the new scalars' effects that we have obtained on the Higgs decays h → γγ, γZ and trilinear coupling. 
A Vacuum stability conditions
We can rewrite the doublets Φ and η 1,2 and their products according to Φ = fΦ,Φ †Φ = 1, η a = e aηa ,η † aη a = 1 , f, e a > 0,
Assuming that λ 5 in eq. (2.2) is negligible compared to the other λ's, we can then express the part of V that is quartic in the doublets approximately as To ensure the stability of the vacuum, we need to derive relations among the λ's in V 4 , which dominates V at large fields, such that the minimum of V 4 remains positive. This can be achieved using copositivity criteria [54] , which in this case are applied to the minimum ofλ. Since λ 4a,7 can be positive, zero, or negative and 0 ≤ ρ a , ρ ′ ≤ 1, we havẽ From the criteria for strictly copositive 3×3 matrices [55] [56] [57] 
C Field-Dependent and Thermal Masses
To estimate the Higgs effective potential, one needs the field-dependent squared masses m 
